The density of states and the conductivity tensor of a quantum-wire array with disorder in the period, direction, and height of the corrugation are calculated in magnetic fields within a self-consistent Born approximation. A diffuse Bragg scattering causes pseudo-Landau-levels associated with the second band and pseudo-open-orbits in the gap region of a corresponding system without disorder. This fact manifests itself as various characteristic structures in the density of states, the conductivity in the direction parallel and perpendicular to the wire, and the Hall conductivity.
Introduction
A GaAs/AlAs superlattice grown on a GaAs (775)B substrate has a zigzag heterointerface. [1] [2] [3] [4] Because the well width of a GaAs layer changes periodically, it was expected that this superlattice forms an extremely high density quantum-wire array. Actually, zigzag corrugations have some fluctuations 1, 2) and the Bragg peak spreads in the wave-vector space. 5, 6) This diffuse Bragg scattering causes huge anisotropic electron scattering. The purpose of this paper is to theoretically explore how diffuse Bragg scattering restores pseudo-band-structure in magnetic field.
In this system, the mobility in the direction parallel to the wire is 30 − 70 times as large as that in perpendicular direction. 4, 7) Band-gap opening at the zone boundary due to periodic potential 8) was suggested as the origin of this anisotropy. 4) However, a self-consistent calculation of electronic states showed that the gap is not so appreciable and the Fermi wave-number does not reach the zone boundary, giving almost circularly symmetric dispersion. 9) As a result, the band structure cannot be the origin of the observed huge anisotropy.
Actual zigzag interface corrugations are disordered. This disorder causes a diffuse Bragg peak in the correlation function of the corrugations and huge anisotropic scattering. Calculations to the lowest order in the anisotropic scattering within a Boltzmann equation gave a large anisotropic mobility in agreement with the experiments. 5, 6) Later calculations with effects of diffuse Bragg scattering in a self-consistent Born approximation have shown that this system has a pseudo-bandstructure. 10, 11) In fact, the density of states has a dip and the equi-energy lines in the wave-vector space have a characteristic feature near the energy corresponding to the first-Brillouin-zone boundary in a perfectly periodic system. The dynamical conductivity also shows the presence of pseudo-interband-transition. 12, 13) A possible dis- * Present address: Research Institute for Computational Sciences, National Institute of Advanced Industrial Science and Technology, 1-1-1 Umezono, Tsukuba, Ibaraki 305-8568. E-mail: hiroshitsukahara@aist.go.jp appearance of cyclotron resonance due to pseudo-openorbits was also suggested.
14)
When a band structure is formed, Landau levels can appear and disappear corresponding to formation and disappearance of closed orbits, respectively. It is an interesting and important issue how pseudo-Landau-levels are restored by diffuse Bragg scattering and influence transport properties. In this paper we shall demonstrate the formation of such pseudo-Landau-levels in the disordered quantum-wire array.
We calculate the density of states and the conductivity tensor of the lateral superlattice including effects of fluctuating period, etc. in a self-consistent Born approximation and study effects of such pseudo-Landau-levels. This paper is organized as follows: In §2 the model and the method of calculations are described briefly. Some examples of results are presented in §3 and discussed in §4. A short summary is given in §5.
Model and Method

Disorder in periodic corrugation
A schematic illustration of the periodic quantum-wire array is shown in Fig. 1 . The period of the corrugation is a and the minimum and maximum well-width are d 1 and d 2 , respectively. We choose the x and y direction perpendicular and parallel to the quantum wire, respectively. Let Δ(r) be the interface corrugation. We have
in the region 0 < x < a, with Δ = d 2 −d 1 and a 1 +a 2 = a. For a GaAs (775)B substrate we have a 1 /a 2 = 1/2. The corrugation Δ(r) is expanded as
where Δ n is the Fourier coefficient, given by for n = 0 and Δ n = 0 for n = 0. It is known that effective potential V eff (r) corresponding to Δ(r) for electrons in the lowest subband is well approximated by
with
where E 0 (d) is the subband energy in a quantum well with widthd = (
In a single heterostructure, F eff is the effective field at the interface.
17-19)
Next, we introduce small amount of disorder in period, height, and direction of the quantum-wire array. This has been discussed previously.
5) The average corrugation vanishes, i.e., Δ(r) = 0.
The correlation function of the corrugation
is represented by the approximate but analytic expression
where
This correlation function is characterized by four parameters, α, ∇ξ, Δ 0 , and λ. They are summarized as follows:
α : fluctuations of the corrugation period ∇ξ : fluctuations of the local quantum-wire direction Δ 0 : fluctuations of the height of the corrugation averaged locally λ : correlation length of fluctuations of the height of the corrugation averaged locally in the quantumwire direction
In the case of the present corrugation, the tilt angle of the corrugation is determined by the micro facets appearing during the growth process. However, the height of the peak and the valley of the corrugations are likely to vary at random between neighboring corrugations. For such a random fluctuation of the bottom and peak height Δz = z 2 − z 2 (z is the height of one corrugation), 5, 10) we have
When a 1 /a 2 = 1/2, eqs. (11) and (12) give
There are some other scatterers in actual systems. In the following we shall consider impurities with shortrange potential with strength u as an representative example. The correlation function is given by
where n i is the concentration of impurities. The strength of the impurity scattering is characterized by mean free path
with the velocity at the zone boundary
and relaxation time τ 0 given by
where m * is the effective mass. Thus, the total scattering potential V (r) is given by
where R i is impurity position.
Self-Consistent Born Approximation
The Hamiltonian of two-dimensional system in an uniform magnetic field H applied perpendicular to the system is written as
where p = ( /i) ∇, A is the vector potential, e is the elementary charge, and c is the light velocity. When we choose the Landau gauge, A = (0, Hx), the eigen functions are
with L being the system size and
where N = 0, 1, · · · is the Landau-level index, X is the center coordinate of the cyclotron motion, and H N is the Hermite polynomial.
20) The corresponding energy is
with cyclotron frequency ω c = eH/m * c. In the following, we use the basis |N X .
Let us introduce Green's function:
with H = H 0 + V (r). The retarded and advanced Green's functions are defined byĜ R (E) =Ĝ(E + i0) and G A (E) =Ĝ(E − i0), respectively. After the average over disorder configurations, the Green's function becomes diagonal with respect to X and independent of X, corresponding to eq. (6), but has off-diagonal elements for Landau-level index N due to the strong anisotropy introduced by diffuse Bragg scattering. We shall employ a self-consistent Born approximation, which is known to work sufficiently well in describing essential features of the transport in two-dimensional systems in high magnetic fields. [21] [22] [23] [24] [25] Figure 2 shows the Feynman diagrams of the self-consistent Born approximation for the self-energy part and the vertex parts. It is interesting to see in the following that essential features corresponding to the presence of periodic lateral potential are well reproduced both in the density of states and transport quantities, in spite of the disappearance of the explicit X dependence of the self-energy.
The averaged Green's function satisfies the Dyson equation:
Within a self-consistent Born approximation, self-energy Σ NN is given by
where m (x) is the associated Laguerre polynomial. Let us define matrices (23) can be rewritten as the simple matrix equatioñ
Thus, we have the final form
The density of states is given by
where Tr stands for the trace over the Landau-level index and we have neglected the spin degeneracy. The Kubo formula 26) for the diagonal conductivity in a magnetic field is written as
where f (E) is the Fermi distribution function, the trace is over all the states, and J μ is the current operator in the μ direction (μ = x, y). 20) After average, eq. (32) becomes
where the trace is over the Landau-level index andβ μ = (β μ NN ) is the matrix of the current operator, with
The vertex functionΓ
is determined by the Bethe-Salpeter type equatioñ 
After averaging, we have
We can solve eqs. (29), (35) , and (40) numerically using a simple iteration scheme.
In the following, we shall mainly study the dependence on α which characterizes the degree of fluctuations in the corrugation period and therefore plays a dominant role. The parameter F eff Δ which gives the strength of the periodic potential is characterized by gap
with n = 1. Let us define the energy at the Brillouin-zone boundary by
We shall choose ε G /ε 0 = 0.2, i.e., |F eff Δ|/ε 0 = 0.5065 · · · , Λ/a = 16, ∇ξ = 0.1 and λ/a = 5, and vary α and Δ 0 under the relation Δ 0 /Δ = α/2a. These parameters are the same as those in the previous study.
10-13)
As a basis, we take into account Landau levels lying in the energy range ε N /ε 0 ≤ 2. The finite cutoff causes an inappropriate behavior in the results in the vicinity of E/ε 0 ≈ 2 as will be shown in the following section. However, the results near the pseudo-energy-gap we are interested in are not affected and therefore remain reliable. This has been confirmed by calculations for different choices of the cutoff energy. In the following, we shall compare the results with those calculated using the Boltzmann transport equation, discussed in Appendix A. Figure 3 shows a schematic illustration of the equienergy line of an ideal lateral superlattice. The equienergy line is closed for energy E < ε 0 −(ε G /2) and there is no closed orbit for
Open orbit, lens orbit, and associated Landau levels
, there are closed orbits across the zone boundary for the second band, often called lens orbits, and open orbits for the first band. Thus, a series of Landau levels is formed in the second band in a magnetic field.
This feature of the energy spectrum becomes clear when we calculate the density of states of an ideal superlattice without disorder. The Hamiltonian of the ideal lateral superlattice is H = H 0 + F eff Δ(r), where Δ(r) is given by eq. (2) and independent of y. Its matrix elements in the basis |N X are diagonal with respect to X and become
with q n = (2πn/a, 0). From diagonalization of this matrix, we get energy spectrum ε j (X), satisfying ε j (X + a) = ε j (X). The density of states D(E) is written by
In actual calculations, δ(E) is approximated by Gaussian function α/π exp(−αE 2 ) with sufficiently large α, given by αε strength of the magnetic field, this feature becomes less clear presumably due to magnetic breakdown. The energy of Landau levels associated with the lens orbits can be calculated semiclassically using the BohrSommerfeld quantization condition
with 0 < γ < 1, where the integral is along an equienergy line. The results for γ = 0.35 are shown by vertical dot-dashed lines in Fig. 4 . These lines account for the narrowing of the density of states quite well for E > ε 0 + (ε G /2), particularly in weak magnetic fields. Figure 5 shows some examples of calculated density of states for disorder parameter (a) α/a = 0.06 and (b) 0.24. The dashed lines show results in the absence of magnetic field, obtained previously.
Numerical Results
Density of states
11) First, we immediately notice the reduction of the density of states near the cutoff energy E ∼ 2ε 0 . However, the influence of such undesirable effects rapidly becomes weaker with the decrease of energy and is negligible in the energy region near the gap, E ∼ ε 0 .
These figures show that the density of states exhibits a clear magnetic oscillation associated with Landau-level formation and that the Landau levels become well resolved with the increase of magnetic field. This behavior is independent of the amount of disorder in the period except that the resolution is higher for α/a = 0.06 than for α/a = 0.24. In the case of the large disorder in the period, α/a = 0.24, the density of states is completely featureless except for this oscillation due to Landau levels.
The most notable feature of the results in the case of small disorder α/a = 0.06 shown in Fig. 5 (a) is the reduction of the peak for density of states in the energy region corresponding to the gap of an ideal lateral superlattice, i.e., 0.9 < E/ε 0 < 1.1. In weak magnetic field ω c /ε 0 = 0.05, in particular, the oscillation amplitude itself is reduced considerably. This corresponds well to the formation of open orbits in the gap, leading to the destruction of the Landau quantization. In higher magnetic fields ω c /ε 0 = 0.1 and 0.15, this behavior manifests itself as peak-height reduction of Landau levels separated from each other. This peak-height reduction seems to be related to the increase in the broadening of the Landau levels. This is a direct consequence of the fact that the total states contained in each Landau level is 1/2πl 2 apart from the spin degeneracy (see discussion in §4).
Another feature present in Fig. 5 (a) is the peak-like structure in the vicinity of the Landau levels associated with the second band obtained semiclassically for E/ε 0 > 1.1. In fact, in weak magnetic field ω c /ε 0 = 0.05, weak peaks are superimposed on the oscillating density of states near the vertical dot-dashed lines, although they seem to disappear with the increase of the energy. As shown in the following, near the same energies, σ xx tends to have a weak peak-like structure and σ yy has a weak dip-like structure, while σ xy does not exhibit any of such behavior.
In higher magnetic field ω c /ε 0 = 0.1, a small enhancement can be recognized in the peak height of the density of states of Landau levels lying near vertical dot-dashed lines. As shown in the following, near the same energies, σ xx tends to have weak enhancement of the peak value of Landau levels and σ yy has weak reduction of the peak value, while σ xy does not exhibit any of such behavior.
Features of the density of states in the weak-disorder case obtained above are significantly the same as those shown in Fig. 4 of an ideal superlattice. These demonstrate the presence of the pseudo band structure such as formation of open and lens orbits and resulting characteristic pseudo-Landau-level formation in magnetic fields as long as the corrugation disorder remains small. Figure 6 shows the conductivity σ xx in the direction perpendicular to the quantum-wire direction. It contains the results obtained by solving the Boltzmann transport equation discussed in Appendix A. The conductivity exhibits a clear Shubnikov-de Haas (SdH) oscillation associated with the Landau quantization for both α/a = 0.06 and 0.24. Further, in weak magnetic field ω c /ε 0 = 0.05, the conductivity averaged over this oscillation essentially follows the Boltzmann conductivity, showing that the essential feature of the field dependence of the transport is well described by the Boltzmann theory.
Conductivity Tensor
In the case of small disorder α/a = 0.06 shown in Fig. 6 (a) , the amplitude of the SdH oscillation for ω c /ε 0 = 0.05 considerably decreases in the band-gap region 0.9 < E/ε 0 < 1.1, well corresponding to the formation of open orbits. Further, in the region E/ε 0 > 1.1, σ xx has a weak peak at the position of several low-lying pseudo-Landau-levels of the second band, denoted by the vertical dot-dashed lines. This structure well corresponds to that in the density of states shown in Fig. 5 (a) . These features do not disappear with the increase of magnetic field, although the position of the peaks of the pseudoLandau-levels becomes less clear due to the discrete Landau levels. In the case of the large disorder, α/a = 0.24 shown in Fig. 6 (b) , on the other hand, the conductivity is almost featureless except for SdH oscillation as in the case of the density of states. Figure 7 shows σ yy in the quantum-wire direction. This conductivity also exhibits a clear SdH oscillation associated with the Landau quantization. Further, in weak magnetic field ω c /ε 0 = 0.05, the conductivity averaged over this oscillation essentially follows the conductivity obtained by the Boltzmann transport equation as with σ xx . When the period disorder remains small, in the case of the weak magnetic field as shown in the bottom panel of Fig. 7 (a) , the amplitude of this oscillation considerably decreases in the gap region 0.9 < E/ε 0 < 1.1 and extra structure appears in the high energy region E/ε 0 > 1.1. Now, σ yy tends to have a weak dip at the position of low-lying pseudo-Landau-levels in contrast to the peak in σ xx . This dip-like structure turns into small reduction in the peak value of discrete Landau levels in higher magnetic fields. Figure 8 shows calculated Hall conductivity, σ xy = −σ yx . Apart from the SdH oscillation, the Hall conductivity essentially follows the Boltzmann conductivity except in high magnetic fields. Further, in contrast to the diagonal conductivity, the Hall conductivity exhibits essentially no features associated with the formation of pseudo-Landau-levels of the second band above E/ε 0 > 1.1. The gap formation seems to appear only as very slight decrease in the amplitude of the oscillation in the region 0.9 < E/ε 0 < 1.1 for ω c /ε 0 = 0.05 shown in Fig. 8 (a) . In strong magnetic fields ( ω c /ε 0 = 0.15, for example), the Hall conductivity takes the universal value corresponding to the integer quantum Hall effect when E lies in a gap between adjacent Landau levels.
27)
4. Discussion Figure 9 shows the schematic illustration of electron orbits when a quantized closed cyclotron orbit (lens orbit) associated with the second band in an ideal lateral superlattice is (a) present and (b) absent. In the real space, an open orbit is bound in the x direction perpendicular to the quantum wire and moves in the y direction parallel to the wire. Therefore, the conductivity in the y direction is higher than that in the x direction. When a closed cyclotron orbit is formed in the second band, this orbit does not give rise to appreciable amount of the conductivity in the y direction because of its small velocity, but tends to reduce the conductivity because it acts rather as an extra scattering channel for the open orbit. For the diagonal conductivity in the x direction, on the other hand, this cyclotron orbit tends to give a peak structure in the same way as the usual Landau levels of the homogeneous two-dimensional system.
These features are the same as those shown in Figs. 5, 6, and 7 for the disordered quantum-wire array in weak magnetic fields. In fact, in the case of small disorder α/a = 0.06 and in weak magnetic fields ω c /ε 0 = 0.05, shown in Fig. 5(a) , the peak-like structure appears in the density of states at energy of the Landau levels associated with the second band. At the same time, the diagonal conductivity σ xx perpendicular to the quantum-wire direction has peaks as shown in Fig. 6 (a) and σ yy parallel to the quantum-wire direction has dips as shown in Fig.  7 (a).
In high magnetic fields where each Landau level is well separated from each other, the self-energy is approximately given by 5) with
This gives the density of states
This shows that the total number of states in each Landau level is the same as the degeneracy in a homogenous two-dimensional system. Because D(q) has a sharp peak at q = (2π/a, 0), reduction in broadening Γ N occurs when J NN (2π/a) ≈ 0. This condition is similar to that of the so-called Weiss oscillation observed in two-dimensional systems with weak and long-wavelength periodic potential in weak magnetic fields. [28] [29] [30] [31] [32] [33] [34] [35] However, there is an important difference. The quantization of the lens orbit of the second band corresponds to several large zero points of J NN (q), while the Weiss oscillation corresponds to small zero points of J NN (q).
It is shown in Appendix B that condition J NN (2π/a) ≈ 0 semiclassically corresponds to that of the Landaulevel formation in the second band. This explains the result shown in Fig. 5 (a) that the peak density of states is enhanced due to the Landau-level narrowing at the position of pseudo-Landau-levels of the second band in high magnetic field, ω c /ε 0 = 0.15. It is intuitively quite natural that magnetic breakdown easily occurs at the energy corresponding to a quantized cyclotron orbit as-sociated with the second band. In the present case, this magnetic breakdown corresponds to reduction of the diffuse Bragg scattering and consequently to the suppression of the broadening of the Landau level.
The diagonal conductivity is given by (52) In high magnetic fields the conduction takes place because of jumps in the position of the center of the cyclotron motion. Factor q y appearing in Γ xx N represents this jumping distance in the x direction and q x in Γ yy N represents that in the y direction.
As shown in eq. (51), the conductivity in the x direction perpendicular to the quantum wires, σ xx , is dominated by processes with large q y and therefore is less influenced by vanishing scattering strength for q x = ±2π/a and q y = 0, i.e., the diffuse Bragg scattering. Consequently, the peak conductivity takes a local maximum for such Landau levels due to the reduction of broadening Γ N . On the contrary, scattering processes with large |q x | give dominant contribution to σ yy as shown in eq. (52). In fact, the diffuse Bragg scattering with q x ∼ 2π/a has important contributions to this large |q x | scattering, causing σ yy to be larger than σ xx for E/ε 0 > 0.9. Therefore, the vanishing diffuse Bragg scattering causes reduction in the peak value of σ yy for corresponding Landau levels.
The drift velocity of the center coordinates perpendicular to an applied electric field, giving σ xy = −σ xy = −(n s ec) −1 with n s being the electron concentration, remains nearly the same with or without magnetic breakdown. This can be the main reason that the formation of pseudo-Landau-levels has no strong influence on the Hall conductivity as shown in Fig. 8 .
Summary
We have calculated the density of states and the conductivity tensor in a disordered quantum-wire array with magnetic field using a self-consistent Born approximation. In weak magnetic fields, features of the conductivity tensor are almost the same as those of the Boltzmann conductivity except for the presence of quantum oscillation. In the pseudo-gap region, the amplitude of quantum oscillation is considerably reduced corresponding to the formation of pseudo-open-orbits. The presence of several low-lying pseudo-Landau-levels associated with the second band appears as weak peaks in the density of states and as weak peaks and dips in the diagonal conductivities in perpendicular and parallel direction, respectively. These pseudo-Landau-levels have no appreciable effect in the Hall conductivity. These results show that a pseudoband-structure is formed by the diffuse Bragg scattering in the disordered quantum-wire array as long as the disorder remains sufficiently small.
